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In this study, using complete orthonormal sets of exponential type orbitals (ETOs), a single
closed analytical relation is derived for a large number of different expansions of overlap
integrals over Slater type orbitals (STOs) with the same screening parameters in terms of
Gegenbauer coefficients. The general formula obtained for the overlap integrals is utilized for
the evaluation of multicenter nuclear attraction and electron repulsion integrals appearing in
the Hartree–Fock–Roothaan equations for molecules. The formulas given in this study for the
evaluation of these multicenter integrals show good rate of convergence and great numerical
stability under wide range of quantum numbers, scaling parameters of STOs and internuclear
distances.
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1. Introduction

The basis sets of functions for calculations in the theory of molecular structure
are of prime importance since the quality of several molecular properties may depend
strongly on the nature of these basis functions. As is well known, the Gaussian type
orbitals (GTOs) are used almost exclusively as the basis sets for ab initio quantum chem-
istry. However, GTOs are unable to represent important properties of the exact electronic
wave function at nuclei and at large distances. Thus, ETOs would be desirable for basis
sets in molecular calculations because they satisfy the cusp condition at the nuclei [1] and
the exponential decay for large distances [2]. Unfortunately, the large body of formulae
of the expansion methods of ETOs about a displaced center [3–8], the Fourier transform
methods [9–11] and the B-function method [12–15] developed for the evaluation of mul-
ticenter molecular integrals over ETOs is not quite satisfactory in the numerical aspects
of multicenter integrals, especially in the calculation of three- and four-center electron
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repulsion integrals of the Hartree–Fock–Roothaan equations for molecules. In the liter-
ature, the wide use of ETOs as basis sets has been pursued with considerable enthusiasm
by growing number of workers because of the huge advance in applied mathematics and
computer science (see [16–25] and references quoted therein).

One of the most promising methods for the evaluation of multicenter integrals is the
extension of Fock’s methods [26,27] for momentum-space solution of the Schrödinger
equation for hydrogenlike atoms and theory of hyperspherical harmonics to the multi-
center case by Shibuya and Wulfman [28] (see also [29–31]). Unfortunately, the con-
vergence of the expansion derived by Shibuya and Wulfman is not guaranteed since the
continuum states of the hydrogen spectrum are not included properly in the expansion.
Recently, one of us in [32] introduced the new complete orthonormal sets of �α-ETOs
(where α = 1, 0,−1,−2, . . .) for which the problems with the continuum states do not
occur. For obtaining the translation formulas for STOs we have used these complete
orthonormal sets of �α-ETOs. Using these translation formulas in [33] the different an-
alytical expressions were derived for expansion of one- and two-center electron charge
density over STOs in terms of STOs about a new center. The expansion coefficients
in these formulas are expressed through the overlap integrals with the same screening
parameters for the calculation of which the efficient computer programs are available
in our group [34,35]. Therefore, using the computer programs for the overlap inte-
grals based on auxiliary functions [34] and recurrence relations [35] one can calculate
arbitrary multicenter integrals appearing in the determination of various properties for
molecules when the Hartree–Fock–Roothaan approximation is employed. The aim of
this paper is to establish a single relation for overlap integrals with the same screening
parameters in terms of Gegenbauer coefficients using Fourier transform of �α-ETOs
and to use this relation for the calculation of multicenter nuclear attraction and electron
repulsion integrals. It should be noted that, there is not a close relationship of our work
to those of [3–28].

2. �α-ETOs in momentum representation

The �α-ETOs in the coordinate representation are defined by [32]

�α
nlm(ζ, r)=Rαnl(ζ, r)Slm(θ, ϕ), (1)

Rαnl(ζ, r)= (−1)α
[

(2ζ )3(n− l − 1)!
(2n)α[(n+ l + 1− α)!]3

]1/2

(2ζ r)l e−ζ rL2l+2−α
n+l+1−α(2ζ r), (2)

where α = 1, 0,−1,−2, . . . and L
p
q is the generalized Laguerre polynomial [36].

In [32], the �α-ETOs were represented as finite linear combinations of STOs:

�α
nlm(ζ, r)=

n∑
n′=l+1

ωαlnn′χn′lm(ζ, r), (3)
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ωαlnn′ = (−1)n
′−l−1

[
(n′ + l + 1)!

(2n)α(n′ + l + 1− α)!Fn′+l+1−α(n+ l + 1− α)

× Fn′−l−1(n− l − 1)Fn′−l−1(2n
′)
]1/2

, (4)

χnlm(ζ, r)=Rn(ζ, r)Slm(θ, ϕ), (5)

Rn(ζ, r)= (2ζ )n+1/2[(2n)!]−1/2rn−1e−ζ r . (6)

Here Fs(n) = n!/[s!(n − s)!] is the binomial coefficient. The spherical harmonics in
equations (1) and (5) are determined by the relation

Slm(θ, φ) = Pl|m|(cos θ)�m(φ), (7)

where Pl|m| are normalized associated Legendre functions, and for complex spherical
harmonics (Slm ≡ Ylm)

�m(φ) = 1√
2π

eimϕ, (8)

for real spherical harmonics

�m(φ) = 1√
π(1+ δm0)

{
cos |m|φ for m � 0,
sin |m|φ for m < 0.

(9)

We notice that the definition of phases in this work for the complex spherical harmonics
(Y ∗lm = Yl−m) differs from the Condon–Shortley phases [37] by the sign factor (−1)m.

We notice that the complete sets of �α-ETOs are orthonormal with recpect to the
weight function (n/ζ r)α , where α = 1, 0,−1,−2, . . . :∫

�α∗
nlm(ζ, r)

(
n

ζr

)α
�α
n′l′m′(ζ, r) d3r = δnn′δll′δmm′ . (10)

The�α-ETOs and STOs in the momentum representation are defined as the Fourier
transforms of the functions (1) and (5):

�αnlm(ζ,k)= (2π)−3/2
∫

e−ikr�α
nlm(ζ, r) d3r, (11)

Uα
nlm(ζ,k)= (2π)−3/2

∫
e−ikrχαnlm(ζ, r) d3r. (12)

Substituting equations (1) and (5) into the integrals in equations (11) and (12) and
using the method set out in [38] one gets for the �α-ETOs and STOs in momentum
representation the following expressions:

�αnlm(ζ,k)=
n∑

n′=l+1

ωαlnn′Un′lm(ζ,k), (13)

Unlm(ζ,k)=Qnl(ζ, k)Slm

(
k
k

)
, (14)
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where Slm(k/k) are the spherical harmonics and

Qnl(ζ, k) = 2n+l+1l!(n− l)!
ζ 3/2
√
π(2n)! x

n+2
(
1− x2

)l/2
Cl+1
n−l (x). (15)

Here, x = ζ/
√
ζ 2 + k2 and Cαn (x) is the Gegenbauer polynomial defined by the rela-

tion [36]

Cαn (x) =
E(n/2)∑
s=0

(−1)sas(α, n)(2x)
n−2s , (16)

where

as(α, n) = Fα−1(α − 1+ n− s)Fs(n− s). (17)

It should be noted that the functions �αnlm(ζ,k) obtained from the Fourier trans-
formation of �α-ETOs are orthonormal with the weight (n/ζk)α , where α = 1, 0,
−1,−2, . . . : ∫

�α∗nlm(ζ,k)
(
n

ζr

)α
�αn′l′m′(ζ,k) d3k = δnn′δll′δmm′ . (18)

Thus, the �α-ETOs in the momentum representation are also complete orthonor-
mal sets of functions and are expressed in terms of Fourier transforms of STOs by the
finite linear combinations. As can be seen from equation (15), the STOs in the momen-
tum representation are defined by the Gegenbauer polynomials.

3. Overlap integrals with the same screening parameters

For evaluation of overlap integrals over STOs defined by relation

Snlm,n′l′m′(p, θ, φ) =
∫
χ∗nlm(ζ, r)χn′ l′m′(ζ, r− R) d3r, (19)

we use the Fourier transform convolution theorem [39,40] which is expressed in the form

Snlm,n′l′m′(p, θ, φ) =
∫

e−ikRU ∗nlm(ζ,k)Un′l′m′(ζ,k) d3k, (20)

where p = ζR. Here χnlm(ζ, r) and Unlm(ζ,k) are a pair of mutual Fourier transforms
defined by equations (5) and (14), respectively.

In order to evaluate overlap integrals we shall fist expand the product of two func-
tions in the right-hand side of equation (20) in terms of the �α-ETOs in the momentum
representation:

U ∗nlm(ζ,k)Un′l′m′(ζ,k) = (2πζ)−3/2
n+n′+1∑
N=1

N−1∑
L=0

L∑
M=−l

MαNLM
nlm,n′l′m′�

α∗
NLM(ζ,k), (21)
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where α = 1, 0,−1,−2, . . . , and

MαNLM
nlm,n′ l′m′ =

∫
U ∗nlm(ζ,k)Un′l′m′(ζ,k)

(
N

ζk

)α
�αNLM(ζ,k) d3k. (22)

Here we have taken into account the orthonormality relation (18) for function �α . Now
we use equation (13) and characteristics of the coefficients ωαlnn′ (see [32]). Then it is
easy to prove the following identity:

n+n′+1∑
N=1

N−1∑
L=0

L∑
M=−l

MαNLM
nlm,n′ l′m′�

α∗
NLM(ζ,k)

=
n+n′+1∑
N=1

N−1∑
L=0

L∑
M=−l

(
n+n′+1∑
N ′=N

ωαLNN ′M
αN ′LM
nlm,n′l′m′

)
U ∗NLM(ζ,k). (23)

We take into account equation (13) in equations (22) and (23). Then we obtain finally
for the expansion of product of Fourier transforms in terms of their linear combinations
the following relation:

U ∗nlm(ζ,k)Un′l′m′(ζ,k)

= (2πζ)−3/2
n+n′+1∑
N=1

N−1∑
L=0

L∑
M=−l

(
n+n′+1∑
N ′=L+1

)αLNN ′(n+ n′ + 1)T N
′−αLM

nlm,n′ l′m′

)
Uα∗
NLM(ζ,k), (24)

where

)αlnκ(N)=
[ [2(k − α)]!

(2κ)!
]1/2 N∑

n′=max(n,κ)

(2n′)αωαln′nω
αl
n′κ, (25)

T NLMnlm,n′ l′m′ = (2πζ)3/2
∫
U ∗nlm(ζ,k)Un′l′m′(ζ,k)UNLM(ζ,k) d3k. (26)

The expressions for the integral T NLMnlm,n′ l′m′ in terms of Gaunt and Gegenbauer coefficients
are given in [38]. As can be seen from equations (20) and (24), the Fourier transforma-
tion converts the function UNLM(ζ,k) into the STOs χNLM(ζ,R). Thus, we are able to
obtain for the overlap integrals with the same screening parameters the following finite
linear combinations of STOs:

Snlm,n′l′m′(p, θ, φ) = ζ−3/2
n+n′+1∑
N=1

N−1∑
L=0

L∑
M=−l

gαNLMnlm,n′ l′m′χ
∗
NLM(ζ,R)

for α = 1, 0,−1,−2, . . . , (27)

where

gαNLMnlm,n′l′m′ =
n+n′+1∑
N ′=1

)αLNN ′(n+ n′ + 1)T N
′−αLM

nlm,n′ l′m′ . (28)
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In order to calculate the overlap integrals on a computer, we have modified these
expressions in nonlined-up coordinate systems:

Snlm,n′l′m′(p, θ, φ) = e−p
l+l′∑

L=|l−l′|

L∑
M=−L

n+n′+1∑
N=L+1

pN−1GαNLM
nlm,n′ l′m′

√
4π

2L+ 1
SLM(θ, φ).

(29)
In lined-up coordinate systems

Snlm,n′l′m′(p, θ, φ) ≡ Snlm,n′l′m′(p, 0, 0) = δmm′e−p
l+l′∑

L=|l−l′|

n+n′+1∑
N=L+1

pN−1GαNL0
nlm,n′l′m′ . (30)

Here

GαNLM
nlm,n′l′m′ = 2N

√
2(2L+ 1)

(2N)! gαNLMnlm,n′l′m′

= (−1)(l−l
′−L)/2(2L+ 1)CL|M|(lm, l′m′)AMmm′

2N√
(2N)!

×
n+n′+1∑
N ′=L+1

)αLNN ′(n+ n′ + 1)QN ′−αL′
nl,n′ l′ (31)

and

QNL
nl,n′l′ =

[
Fl(n)Fl′(n

′)FL(N)
√
Fn(2n)Fn′(2n′)FN(2N)

]−1

×
k∑
s=0

(−1)sas(l + 1, n − l; l′ + 1, n′ − l′;L+ 1, N − L)bn+n′+N+1−g−s,g,

(32)

where

k = E
(
n− l

2

)
+ E

(
n′ − l′

2

)
+ E

(
N − L

2

)
and

bi,j =
j+1∑
m=0

(−1)m22j+1−2mFm(j + 1)Fi+m
(
2(i +m)− 1

)
. (33)

The Gaunt coefficients CL|M| and coefficients AMmm′ in equation (31) have been defined
in [41].

One can determine the accuracy of the computer results by using the following
recurrence relation:

Snlm,n′l′m′(p, θ, φ)

=
√

3

4pS10(θ)
√
π

[
AnlλSn+1l+1m,n′l′m′(p, θ, φ)+ BnlλSn+1l−1m,n′l′m′(p, θ, φ)

− An′ l′λ′Snlm,n′+1l′+1m′(p, θ, φ)+ Bn′l′λ′Snlm,n′+1l′−1m′(p, θ, φ)
]
.

(34)
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Here the coefficients Anlλ and Bnlλ are determined by

Anlλ=
[
(2n+ 1)(2n+ 2)

(l − λ+ 1)(l + λ+ 1)

(2l − 1)(2l + 3)

]1/2

, (35)

Bnlλ=
[
(2n+ 1)(2n+ 2)

(l − λ)(l + λ)
(2l − 1)(2l + 1)

]1/2

, (36)

where λ = |m| and λ′ = |m′|. These formulas are obtained from equation (17) of [35]
for t = 0.

4. Multicenter nuclear attraction and electron repulsion integrals

In a previous paper [33], by the use of complete orthonormal sets of �α-ETOs we
presented the different analytical expressions for the expansion of one- and two-center
electron charge density over STOs in terms of STOs about a new center. Using these
expansion formulas the multicenter nuclear attraction and electron repulsion integrals
can be expressed in terms of overlap integrals with the same screening parameters.

• Multicenter nuclear attraction integrals:

I
ac,b

p1p
′
1
(ζ1, ζ

′
1)=

∫
χ∗p1
(ζ1, ra1)χp′1(ζ

′
1, rc1)

1

rb1
dV1

(37)

= lim
N→∞

N∑
µ=1

µ−1∑
ν=0

ν∑
σ=−ν

WαN
p1p
′
1q
(ζ1, ζ

′
1, z;Rca, 0)Jq(z,Rab),

where p1 ≡ n1l1m1, p
′
1 ≡ n′1l′1m′1, q ≡ µνσ, z = ζ1 + ζ ′1 and Jq(z,Rab) is the

two-center nuclear attraction integral determined by [42]

Jq(z,Rab) = 2µ
√

2

Fµ(2µ)z




δν0δσ0 for Rab = 0,

Fµ(µ+ ν + 1)

ην+1(2p)

×
[

1− e−2p
µ+ν∑
k=0

γk(µ, ν)ηk(2p)

]

×
√

4π

2ν + 1
S∗νσ (θ, φ) for Rab �= 0,

(38)

where 2p = zR and ηk(x) = xk/k!.
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• Multicenter electron repulsion integrals:

I
ac;bd
p1p
′
1;p2p

′
2
(ζ1, ζ

′
1; ζ2, ζ

′
2)

=
∫
χ∗p1
(ζ1, ra1)χp′1(ζ

′
1, rc1)

1

r21
χp2(ζ2, rb2)χ

∗
p′2
(ζ ′2, rd2) dV1 dV2

= lim
N→∞

N∑
µ=1

µ−1∑
ν=0

ν∑
σ=−ν

WαN∗
p1p
′
1q
(ζ1, ζ

′
1, z;Rca, 0)

× lim
N ′→∞

N ′∑
µ′=ν+1

WαN ′
p2p
′
2q
′(ζ2, ζ

′
2, z
′;Rdb,Rba)Jµν,µ′ν(z, z

′), (39)

where pi ≡ nilimi , p′i ≡ n′i l
′
im
′
i (i = 1, 2), q ′ ≡ µ′ν′σ ′, z = ζ1 + ζ ′1 and

z′ = ζ2 + ζ ′2 and Jµν,µ′ν are the one-center basic Coulomb integrals defined
by [42]

Jµν,µ′ν(z, z
′)= 2µ+µ′+1

z′
√
zz′xν+1

[
(2ν + 2)Fµ−ν−1(µ+ ν + 1)

(2ν + 1)Fµ+ν+1(2µ)Fµ′−ν(2µ′)Fµ′−ν(µ′ + ν)
]1/2

×
[

1−
µ+ν∑
k=0

γk(µ, ν)Fk(µ
′ − ν + k) xk

(1+ x)µ′−ν+k+1

]
, (40)

where x = z/z′ and

γk(µ, ν) = 1− F2ν+1(k)

Fµ−ν(µ+ ν + 1)
. (41)

The quantities WαN in equations (37) and (39) are the charge density expansion
coefficients which are expressed in terms of overlap integrals with the same screening
parameters (see [33]).

5. Discussion

As can be seen from equations (37) and (39) of this article, the charge density
expansion coefficients occur in the multicenter nuclear attraction and electron repulsion
integrals over STOs. Using �α-ETOs for these coefficients the formulas in terms of
overlap integrals with the same screening parameters have recently been established
in [33]. Therefore, equations (29) and (30) for overlap integrals can be used in the
calculation of multicenter nuclear attraction and electron repulsion integrals.

In order to calculate the overlap integrals with the same screening parameters, the
values of the Gaunt coefficients, the normalized associated Legendre functions and the
Gegenbauer coefficients are required. The normalized associated Legendre functions
and the Gaunt coefficients were calculated using the method in [34,42], respectively,
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Figure 1. The convergence of the series in equation (37) for the nuclear attraction integral I211,211 with
different expansion coefficients for translation of STOs (in a.u.); Rab = 2.4, θab = 60◦, φab = 120◦,

Rcb = 0.3, θcb = 135◦, φcb = 270◦.

while the Gegenbauer coefficients were calculated using equations (13), (21) and (22)
of [38].

The accuracy of the overlap integrals given in equations (29) and (30) was checked
for various quantum numbers using equation (34). The results for α = 0, 1,−1 are
given in table 1. It is seen from table 1 that the right-hand side (RHS) and the left-hand
side (LHS) of equation (34) are consistent with each other. The comparative values of
the overlap integrals with the same screening parameters of STOs, the number of correct
decimal figures@f and CPU time in milliseconds are also tabulated in table 1. The LHS
and the RHS of equation (34) are in agreement with each other to at least 19 decimal
digits.

The convergence of the series in equations (37) and (39) for L � N − 1 and
M � N − 1 was tested, where N,L and M are the upper limits of indices µ, ν and σ ,
respectively. The results of tests on series accuracy @fNLM = fN N−1N−1 − fN N−1M

for the three-center integral I211,211 are shown in figure 1. Here the quantities f =
fN N−1N−1 are the values of integrals for L = N − 1 and M = N − 1. As can be seen
from figure 1, the convergence of the series with respect to σ is rapid. Therefore, it is
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sufficient to include only a few terms in the summation over indices σ . The full and
broken lines in figure 1 represent the results of calculations using equation (37) obtained
for α = 1 and α = 0, respectively.

The results of calculations for two-, three-center nuclear attraction and one-, two-,
three-, four-center electron repulsion integrals on a Pentium III 800 MHz computer (us-
ing Turbo Pascal 7.0 language) are represented in tables 2 and 3, respectively. The
comparative values, the number of correct decimal figures @f and the CPU time are
given in these tables. As can be seen from the tables, in all the calculations, the CPU
time and the accuracy of computer results for the (c → a, d → b, b → a) and
(c→ a, b→ d, d → a) translations of STOs in equations (37) and (39) are satisfac-
tory. It should be noted that the algorithm presented above can be used to calculate any
two-, three-center nuclear attraction and one-, two-, thee-, and four-center electron re-
pulsion integrals for the arbitrary values of screening constants, quantum numbers and
location of STOs.
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